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Introduction

m The Rosenblatt’'s LMS algorithm for Perceptron (1958) is
built around a linear neuron (a neuron with alinear
activation function).

m However, the Perceptron is built around a nonlinear

neuron, namely the McCulloch-Pitts model of a neuron.
& This neuron has a hard- limiting activation function (performing
the signum function).

m Recently the term multilayer Perceptron has often been
used as a synonym for the term multilayer feedforward
neural network. In this section we will be referring to the
former meaning.

Perceptron(l)

m Goal
#classifying applied Input X, X,,...,X,, into one of two classes
m Procedure
&if output of hard limiter is +1, to class C1 if itis -1, to class C2
« input of hard limiter : weighted sum of input

g
v=a wx +b

i=1
¢ effect of bias b is merely to
shift decision boundary away
from origin
& synaptic weights adapted on
iteration by iteration basis

Inputs <
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Perceptron(2)

m Decision regions separated by
a hyperplane

& wx +b=0
i=1

< point (x1,x2) above boundary
line is assigned to Cl

< point (y1,y2) below boundary
line to class C2

Decision boundary
WX+ WX, +b=0

Selection of weights for the
Perceptron

m In general two basic methods can be employed to select
a suitable weight vector:
& By off- line calculation of weights.
+ If the problem is relatively simple it is often possible to

calculate the weight vector from the specification of the
problem.

& By learning procedure.

+ The weight vector is determined from a given (training) set
of input- output vectors (exemplars) in such a way to
achieve the best classification of the training vectors.
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Perceptron Learning Theorem (1)

m Linearly separable

&if two classes are linearly separable, there exists decision
surface consisting of hyperplane.

& If so, there exists weight vector W
w'x >0 for every input vector x belonging to classC,
w'x £0 for every input vector x belonging to classC,

ofor only linearly Decision

/ Boundary
separable classes, ’

perceptron works
well

()

Perceptron Learning Theorem (2)

m Using modified signal-flow graph
& bias b(n) is treated as synaptic weight driven by fixed input +1
OWO(n) is b(n)
#linear combiner output

Fixed x,=+1
input

v(n) =& w(n)x (n) ;

i=1

=w' (n)x(n)

v e®  Oytput
x2 y
Inputs
Hard
limiter
X Linear
combiner
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Perceptron Learning Theorem (3)

m Weight adjustment
&if x(n) is correctly classified

w(n+1) =w(n) if w'x(n)>0and x(n) belongs to class C,

w(n+1) =w(n) if w'x(n) £0and x(n) belongs toclass C,

& otherwise

w(n+1) =w(n) - h(n)x(n) if w'x(n) >0and x(n) belongs toclassC,
w(n+1) =w(n)+h (n)x(n) if w'x(n) £ 0and x(n) belongs to class C,

#learning rate parameter h(n) controls adjustment applied to
weight vector

Lecture4-0 |

Summary of Learning

1. Initialization
1. set w(0)=0
2. Activation

1. attime step n, activate perceptron by applying continuous
valued input vector x(n) and desired response d(n)

3. Computation of actual response
y(n) =sgn[w" (n)x(n)]
4. Adaptation of Weight Vector

w(n+1) =w(n)+h[d(n)- y(n)]x(n)

e(n) =d(n)- y(n) :error d(n)={+l if x(n) belongs to classC,
. i -1 if x(n) beongs to classC,
5. Continuation

1. inclement time step n and go back to step 2
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The network is capable of solving linearly separable

problem
A wW.x,+b=0
i=1 f
!

Learning rule

An algorithm to update the weights w so that finally

the input patterns lie on both sides of the line decided by the
perceptron

Lett bethetime, at t = 0, we have

W(ONX=20

+

Lecture4-12 |
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Learning ru

An agorithm to update the weights w so that finally

le

the input patterns lie on both sides of the line decided by the

perceptron

Lett bethetime att=1

) - X =20

Learning rule

An algorithm to update the weights w so that finally
the input patterns lie on both sides of the line decided by the

perceptron

Lett bethetime at= 2
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Learning rule

An agorithm to update the weights w so that finally

the input patterns lie on both sides of the line decided by the
perceptron

Lett bethetime, att= 3

w(3) X0 I

Implementation of Logical NOT, AND,

and OR
NOT AND OR
i out in; in, out iny; in, out
0 1 0 0 0 0o 0 0
1 0 0 1 0 0 1 1
1 0 0 1 0 1
11 1 11 1

7T
0.5) @
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Implementation of Logical
()

out = sgn(wyin, +w,in, —0)

Wy W,
in, in,
AND OR

w=1, wy,=1, =15 wy=1, wy=1, =05
in, in,

A

\"‘“'"
in;

Gate

i,

cture4-17

Finding Weights Analytically
AND Network: off-line

We have two weights w; and w, and the threshold 8, and for each tra

need to satisfy

out =sgn(wyin, +wyin, —6)

So the training data lead to four inequalities:

for the

ining pattern we

in, in, out

0 0 0 w; 0 tw, 0 -8 <0 6 >0

) w, 0 +w,1 — 0 <0 w, < 8
. 0 = ! ’ = v, < 8

1 0 0 w,l +w,0 - 8<0 w;

1 1 1 w;l +w,1 — 820 wytw, = 0

Lecture4-18 |
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Finding Weights by MSE Method.:
off-line

m Write a equation for each training data

m Output for first class is +1 and for second class is -1(or 0)
m Apply the MSE method to solve the problem

m Example: Implementation of AND gate

awx +b=0

i=1
QoW el
g a iU @ g ewu e u
dlle a_ely e u 8 u
aorg}zu & - &%iTe&
& U H & ¢ & H el5
&1 1 & 1

Summary: Perceptron vs. MSE
procedures

= Perceptron rule
e The perceptron rule always finds a solution if the classes are linearly separable,
but does not converge if the classes are non-separable
= MSE criterion

e The MSE solution has guaranteed convergence, but it may not find a separating
hyperplane if classes are linearly separable

»  Notice that MSE tries to minimize the sum of the squares of the distances of the
training data to the separating hyperplane, as opposed to finding this hyperplane

X2

Lecture4-20 |
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Perceptron learning law: the
geometric interpretation

th T
n. decision plane
w(n) win+1)
w*
g=+1
L d=1
=1 true decision plane

0

m
|
\
[
n
Il

w(n) : current weight vector
w(n+1) : next weight vector
w*: correct (desired) weight vector

Perceptron learning law: the
geometric interpretation (cont.)

m During the learning process the current weight vector
w(n) is modified in the direction of the current input
vector x(n), if the input pattern is misclassified, that is, if
the error is non-zero.

m Presenting the Perceptron with enough training vectors,
the weight vector w(n) will tend to the correct value w*.

m Rosenblatt proved that if input patterns are linearly
separable, then the Perceptron learning law converges,
and the hyperplane separating two classes of input
patterns can be determined.

Lecture4-22 |
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Convergence of the Perceptron
learning law (1)

m Fixed increment convergence theorem

ofor linearly separable vectors X1 and X2, perceptron converges
after some no iterations

w(n,) =w(n, +1) =w(n, +2) =...

is solution vector for  n £n__
¢ proof in case of h(n)=1

Convergence of the Perceptron
learning law (2)
® Assume:
o Coorect weight vector : W =1 an(l X |: 1
¢ A small positive fixed numbed such thW*-x >d "X
o Define G =— f£1
W) W]

¢ G(w) is the cosine of the angle between W and W*
¢ Consider the behavior of G(w) through adaptation (step4:slide 11)

W W(n+1) =W".(W(n) + X)

=W W(n) +W".X
3 W W(n) +d
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Convergence of the Perceptron
learning law (3)
m After the nth application
W W(n) 3 nd
m Denominator of G(W) is:

[W(n+1) P=W((n+)W(n+1)
=W(n)+ X).(W(n) + X)
=|W(n) [* +2W(n). X+ X |
W) [ +1

PIW(n)[P<n

W W(n) S nd

SO = W e ne

GW) £1

Convergence of the Perceptron
learning law (4)

m The number of times ,n, that we go to “adaptation
step” will still be finite and will be 75
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Limitation of Perceptron

m The XOR problem (Minsky): nonlinear separability

ins

\ \ >

Perceptron with sigmoid activation
function

m For single neuron with step activation function:

m For single neuron with Sigmoid activation function:

Lecture4-28 |
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Representation of Perceptron in
MATLAB

Perceptron Neureon

Input Perceptron Neuron

f N '

Where...

F = number of
elements in
input vectar

a = hardlim{Wp+#)

MATLAB TOOLBOX

m net = newp(pr,s,tf,If)
& Description of function

+ Perceptronsare used to solve simple (i.e. linearly
separable) classification problems.

& NET = NEWP(PR,S,TF,LF) takes these inputs,

. PR - Rx2 matrix of min and max values for R input
elements.

+ S - Number of neurons.

+ TF - Transfer function, default = 'hardlim'.
+ LF - Learning function, default = 'learnp’.
Returns a new perceptron.
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Classification example: Linear
= Seethe M file ~ Separability

\Matlabs. 5\workim_perc.m
Fle Edt View Text Debug Breskponts Web Window Help

DS Be &5 n5 B0 e Sl
sinpurs are random varaible

Pl=rand(z0,2)"';

P2=l+rand(z0,z)';

4gplit input to two sets:Learning and Validation

-| % in this examwple 50% for tranining and 50% for Validation
T=[onesil,l0} O%omes{l,10)];

10/-| PL=[PL{:,l:10) PZ{:,1:10)]:

PV=[P1{:,11:20) P2(:,11:20)];

13] plot{Pl{l,:),PliZ,z), o' ,P2(1,:),P2i2,:), 'ob")
xlabel('xl');ylabel('x2') ritle('SJcatter plot of data')

1gl-| % T = NEWP(PR,5,TF,LF) takes these inputs,

1a-| % PR - BxZ matrix of min and max values for R input elements.
I % - MNumber of neurons.

22-| % TF - Tranzsfer function, default = ‘hardlim'.

i Y LF - Learning Function, default = 'learnp'.net = newp(pr,s,tE, LE)

25~| net = newp(winmax (PL),1);

3 | ¥ = siminet,PL)

28] net.trainParam.epochs = 1007
net = traininet,PL,T);
(calculation of learning error
YL = sim(net,PL)

el=mse (YL-T):

%tcaloulation of validation error
¥V = sim({net,PV)

e¥-nse (TV-T);
Uenet.iw{l,:,
| | B=net.bfl,:

loom | Imszm

mat.m - m_perc.m
script Ln24  Col27

Scatter plot of data learning curve

Scatter plot of cata Perfarmance is 0, Goal is 0
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Stop Training 7 Epochs

Lecture4-32 |

Page 16



scatter plot of data after training

Soatter plot of data after training
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Cl f tion of data : nlinear
assitication or data -nonilinea
bilit
Scatter piot of tata 5 Performance is 0.16, Goal is 0
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Classification of data :nonlinear
separability

Scatter plot of data after trining
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ADALINE — The Adaptive Linear
Element

m ADALINE is Perceptron with linear activation function
m This is proposed by Widrow
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Applications of Adaline

m In general, the Adaline is used to perform

€ Linear approximation of a “small” segment of a nonlinear hyper-
surface, which is generated by a p— variable function, y = f( x).
In this case, the bias is usually needed.

& Linear filtering and prediction of data (signals);

& Pattern association, that is, generation of m—element output
vectors associated with respective p—element input vectors.

Error concept

m For single neuron
e=d-vy

m For multi neuron
¢ m is number of output neuron

Output

[nput
e =d-y i=1m

€n1 = CIm’l " Y1
m The total measure of the goodness of approximation, or the

performance index, can be specified by the mean- squared error over
m neurons and N training vectors:

1 ON [*] .
J (W) =Wa a ei(
i=1 j=1
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m Input data agemoc S

X = 21 2p

XNl "XNp

m Desired output or Target g Xy,

W, W Dy . = Xo1.00:Xom

m Weight W, = War:--Wom XleNm
Wy Wi

m Equitation Xy Wy, =Yy

m The MSE solution is:
— T -1 T
Wp'm - (X PN XN' p) ><p’N DN'm
m The Error epuiation is:
JW) —ié ET E
2N - m N =N m
L ecture 4-40 |
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m For single neuron m=1:

1
‘J(\N) :mEl’TNEN’l

m Replacing error in equation:
1
L) ==l XW)T (D - XW)]
il T Ty T
=—I[(D" -W X" )(D- XwW
=l )( )l
:%[DTD- DTXW - WTXTD+WT"XTXW]

:%[DTD- 2D XW +WT X XW]

1.1

1.8

3.2
41
438
5.7
73
79
9.2
9.9

m Example 1

© ® 4 o 0 » W o P o
Il T e e R e e R
o
1

285 45
45 10

Wy

1
J(Wl,WZ):2—0[385.38-2|330 55 [+ wy|

W
W,

W,

J(Wy,W,) = %[3%.% - 660w, - 110w, + 285w + 90w, w, +10wZ]
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The plot of performance index
J(wl,w2) of example

Jiwed w2

m Example 2:the performance
index in general case
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Method of steepest
descent

m If Nis large the order of calculation will be high

m In order to avoid this problem, we can find the optimal
weight vector for which the mean- squared error, J(w),
attains minimum by iterative modification of the weight
vector for each training exemplar in the direction
opposite to the gradient of the performance index, J(w),
as lllustrated in Figure 4-5 for a single weight situation.

Lm [24_45
lllustration of the steepest
descent method
J(w)
Tmin
&
0 wy, win+l) w(n)
Lecture 4-46 |
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m When the weight vector attains the optimal value for which the
gradient is zero (WO in Figure 4-5), the iterations are stopped.
More precisely, the iterations are specified as

W(n+1) =W(n)+DW(n)

m where the weight adjustment, .w(n), is proportional to the gradient
of the mean-squared error

CW(n) = -hNJ(W (n))

m where ? is a learning gain.

m The gradient of performance index is

J(W)=%[DTD— 2DTXW+WTXTXW]
W) _ 11 207x 42X xw]
w 2N
:%[—DTX +XTXW]
Q=D" X:Cross Correlatim
R=XTX :Input Correlatim

The secondderivativeof Jwhichis
known astheHessianmatrix :

123

H(w) = e

=T & =
=g (W) =R

m And must be calculated in each iteration ,n=1:N.

m This is complex but there is a method for applying pervious
calculation to next calculation (recursive)

Lecture4-48 |
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The LMS (Widrow- Hoff)
Learning Law

m The Least- Mean- Square learning law replaces the gradient of the
mean- squared error with the gradient update and can be written in
following form:

I:l/vp’ m(n) :hX;’l(n)eI m(n)

e =d -y i=1im

em'l =dm’l - ym’l

W(n+1) =W(n) +hx" (n)e(n)

Lecture 4-49 |
m For single neuron
For linear neuron for nonlinear neuron
o o
y=a WX net=a wx
e=(d-y) y=f (net)
1, 1 o 2 e=@-y)
J _Ee _E(d' a \Nixi) J=—;ez=%(d- f(net))2
[N Te o
— =-e—=-(d-gqwx)x, B _ WP Me__ i tnenfenenIe
w w a et (d- f (net)f ¢net) ™
[N Te o N _
N o_ e 1€ _d-3 wx)x  ——=-@d- f(ne))ftnen)x
o S T @A g
Lecture 4-50 |
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network training

m Two types of network training:

m Sequential mode or incremental (on-line, stochastic, or
per-pattern):
®Weights updated after each pattern is presented
m Batch mode (off-line or per-epoch):
®Weights updated after all pattern is presented

Some general comments
on the learning process

m Computationally, the learning process goes through all training
examples (an epoch) number of times, until a stopping criterion is
reached.

m The convergence process can be monitored with the plot of the
mean- squared error function J(W(n)).

m The popular stopping criteria are:
¢ the mean- squared error is sufficiently small:

JW(n)) <1

¢ The rate of change of the mean- squared error is sufficiently small:

DIW() 4
Dn

Lecture4-52 |
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The effect of learning Rate

J J J J

1 < Topr 1= o Nopt < 11 < 2 Mgy 10> Mg

L w L w ! w 1 w

W w* w wk

FIGURE 6.16. Gradient descent in a one-dimensional quadratic criterion with different learning rates. If 5 <
Nopt, cONVergence is assured, but training can be needlessly slow. If 7 = 54y, a single learning step suffices to
find the error minimum. If #oy < 7 < 216, the system will oscillate but nevertheless converge, but training is
needlessly slow. If n > 214y, the system diverges. From: Richard O. Duda, Peter E. Hart, and David G. Stork,
Pattern Classification. Copyright © 2001 by John Wiley & Sons, Inc.

Applications (1)
m MA (Moving average) modeling (filtering)
y(n) = g bx(n-i) M:Order of Model
y:[y(0) y@) y(®?) ... y(N)]
x:[x(0) x(@) x(2) ..... X(N)]
& ForM=2:
b, X, X X Y,
w = b, x=e 2 % p ="
o [
XN XN—l XN—2 (N-1) 3 yN (N-1)" 3
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Applications (2)
m AR (auto regressive) modeling:

N
y(n)=& ay(n- i)+bx(n) N:Order of Model
i=1

m For N=2:
a, §1 3)//0 iz zz
w=a, x=[ 7 D=|"
Bl e
yN-l yN-2 XN (N-1) 3 yN (N-D°3

Lml [e4_55
Applications (3)
m PID controller
Desired Model |
output
E\ 2Error for Learning
| ADALINE ——| Plant H—
input Error
for
control EI
Lm [34'56
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Simulation of MA modeling

m Supose the MA model as:
1
b=[2(M =3
3

m |nput is Gaussian noise with mean=0 and var=1
m y is Calculated by recursive equation
m Please see the M_file

Unknown system

X (Black Box) y

M_file of MA Modeling

%) E:\Matlab6.5tworkimal.m

x=randn(l,1000);
y=filternum,den,x];
13|-| Eor 1=1:898,

File Edit Wiew Text Debug Breckpoints Web iWindow Help
D& oo Gl a5 BR B4 stmacfoe |
3-| #ts modeling
3-| clear
17| close ain
?: num=[1 2 3]:
s-| den=1;

1;7 H{i, ) =[xii+2) x(i+l) =(i)]:
18/ - Dii,:)=[vii+2])]1;
1;: end
;g: tthe M3E method
21|-| W= {&'#¥R) -1%X'*D;
27| sthe M3 method
24/=| w=randn(3,1);
eta=.0L;
H=20;

for ii=1:800,
n=mod(ii-1,H}+Ll;
wo=X(n, ) i, ii)
e(ii)=Din)-vo:
du(:,ii)=eta¥x(n, ) '*e(ii)
wi,id+l) =i, ii)4+dwiz 11
end

lowm  Imszm  mam  matm

script Ln24  col4

* ) 3maisb | A untiled-P.. E
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MA Modeling

m Weight initial : zeros and h =0.01
m N=20; data training set

Learning Curve parameters adaptation

12 3
10 B 25l i
8 M=20 B
Bta=01 2r
6 4
o 15 R
s b}
g 4 g =
i}
g 1L
2 4
05 B
0 it
2 E | 1
a 1 1 L 1 1 L 1 1 05 1 1 L L L L 1 1
0 100 200 300 400 800 a0 700 200 00 o 100 200 300 400 800 a0 700 200 Qoo
Iteration Iteration

MA Modeling

m Weight initial : zeros and h =0.1
m N=20; data training set

Learning Curve parmameters adapiation
] 35
6L N=2D 4 3 Qe 7
eta=0.1 eta=.1
28 1
al 4
. y 2 il
g2 E =
I b
815 4
[uf

2 4
0S5 -

4 L L L L L L
0 100 200 300 400 800 00 700 200 200
Iteration

o L L s L L L s s L
0 100 200 300 400 500 600 700 800 SO0 1000
Itemtion

Lecture4-60 |
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MA Modeling

m Weight initial : random and h =0.01
m N=20; data training set

Learning Gurve

parameters adaptation

4 T T T T T T 3 T T
3 4
H=20; 28 N=20, |
eta=1 eta=01
2 4
2
i 7 o
= b=}
ug_t =15 4
e i 2
1
4 4
2 ] 0.5 E
3 . . . L L L L L i) . . L 1 1 n . .
0 100 200 300 400 600 €00 700 800 900 0 100 200 800 400 2S00 600 YO0 EO0 900
lteration Iteration
Lecture4-61 |
m Weight initial : random and h =0.1
m N=20; data training set
Learning Curve parameters adaplation
g T T 8 T T T T
7 i 25 =20, |
N=20: eta=0.1
5 stac.1 ] 2
5 4 15
4 i 1 {\\
= b
g 3 g 5 05 g
i S
2
2 4 a 4
1 4 0.5 4
] i1 1 E
1 B -1.8 B
2 L 1 1 1 1 1 1 L 2 L 1 1 1 . . . L
o 100 200 300 400 500 00 700 00 00 o 100 200 800 400 600 600 700 200 00
Iteration Heration
Lecture4-62 |
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MA Modeling

m Weight initial : random and h =0.1
m N=10; data training set

Learning Gurve parameters adaptation

b0 b1 b2

L n L L L L L L L L L L L L L L
a 100 200 @00 400 500 600 F00 800 900 0 100 200 800 400 800 €00 700 €00 900
Iteration Iteration

MATLAB TOOLBOX

m net = newlin(PR,S,ID,LR)
& Description of function

+ Linear layers are often used as adaptive filters for signal
processing and prediction.

¢ NEWLIN(PR,S,ID,LR) takes these arguments,
+ PR - Rx2 matrix of min and max values for R input elements.
+ S - Number of elements in the output vector.
¢ ID - Input delay vector, default = [0].
+ LR - Learning rate, default = 0.01;
and returns a new linear layer.

Lecture4-64 |
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m The linear network is shown as

Layer of Linear
Input Neurons

a= purelin(Wp +b)

Input

Layer of Linear Neurans

a=pureliniWp +h)

R = numberof
elements in
input vector

§ = numberof
neurons in ‘cTy’E\

Input  Simple Linear Network

a = purelinff Wpth)

n
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